INTRODUCTION
Let G = (V (G), E(G)) be a finite simple graph (i.e. a finite graph with no loop and no multiple edge) on the vertex set V (G) = {x 1 , . . ., x n } with the edge set E(G). A subset M = {e 1 , . . . , e s } ⊂ E(G) is said to be a matching of G if, for all e i and e j with i = j belonging to M, one has e i ∩ e j = / 0. A matching M of G is maximal if M ∪ {e} cannot be a matching of G for all e ∈ E(G) \ M. A matching M = {e 1 , . . . , e s } ⊂ E(G) is said to be an induced matching of G if for all e i and e j with i = j belonging to M, there is no edge e ∈ E(G) with e ∩ e i = / 0 and e ∩ e j = / 0. The matching number match(G), the minimum matching number min-match(G) and the induced matching number ind-match(G) of G are defined as follows respectively: match(G) = max{|M| : M is a matching of G}; min-match(G) = min{|M| : M is a maximal matching of G};
ind-match(G) = max{|M| : M is an induced matching of G}.
It is known that ind-match(G) ≤ min-match(G) ≤ match(G) ≤ 2min-match(G) holds for all finite simple graph G ([4, Proposition 2.1]). It is also known that there exists a finite connected simple graph G a,b,c with ind-match(G a,b,c ) = a, min-match(G a,b,c ) = b and match(G a,b,c ) = c for all positive integers a, b, c satisfying 1 ≤ a ≤ b ≤ c ≤ 2b ([4, Theorem 2.3]). A classification of finite connected simple graphs G with ind-match(G) = min-match(G) = match(G) is given ([1, Theorem 1], [3, Remark 0.1]). Such graphs are studied in [3, 6, 11] from a viewpoint of commutative algebra. In addition, finite simple graphs G with ind-match(G) = min-match(G) are also studied in [4] .
In the present paper, we study the relationship between match(G), min-match(G), indmatch(G) and dim K[V (G)]/I(G). We will prove that Theorem 0.1. Let a, b, c, d be positive integers. Then the following assertions are equivalent: In order to prove Theorem 0.1, we will prepare several lemmata in this section. Let G = (V (G), E(G)) be a finite simple graph on the vertex set V (G) = {x 1 , . . ., x n } with the edge set E(G). Given any subset
Note that the empty set / 0 is an independent set of G. It is known that
Let us recall the definition of S-suspension (see [5, p.313 
We call G S the S-suspension of G. Note that G / 0 coincides with the suspension [8, p.141] of G in usual sense. The following lemma mentions the induced matching number and the dimension of the S-suspension of a graph. Lemma 1.5] ). Let G be a finite simple graph on the vertex set V (G) = {x 1 , . . ., x n } such that G has no isolated vertices. Let S ⊂ V (G) be an independent set of G. Then one has
Remark 1.3. In general, the S-suspension does not preserve the matching number and the minimum matching number. In fact, let C 3 be the 3-cycle on V ( 
Hence one has dim(G) ≥ a from Lemma 1.1.
(2) Assume min-match(G) = b and match(G) = c. Then we have |V (G)| ≥ 2c. Let Figure 2 ]. We call G star(x v ) s the star graph. The star graph is the complete bipartite graph K 1,s . The complete graph K n is the graph on the vertex set V (K n ) = {x 1 , . . . , x n } with its edge set E(K n ) = {x i , x j } : 1 ≤ i < j ≤ n . Lemma 1.1 says that dim(G) = 1 if and only if G = K n . The following lemma mentions invariants of star graphs and complete graphs. (1) Let G star(x v ) s be the star graph which appears as above. Then ind-match(G
(2) Let K 2s be the complete graph on 2s vertices. Then ind-match(K 2s ) = dim(K 2s ) = 1 and min-match(K 2s ) = match(K 2s ) = s. Lemma 1.6. Let G be a finite simple graph on the vertex set V (G) and W ⊂ V (G) a subset. Then one has
) be a finite simple graph.
(1) Assume that there exist two edges
Lemma 1.8. Let G be a finite disconnected simple graph and G 1 , . . . , G ℓ the connected components of G. Then we have
PROOF OF THEOREM 0.1
In this section, we give a proof of Theorem 0. 
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Then ind-match(G
Thus W is not an independent set. Therefore one has dim(G
) is a maximal matching, one has min-match(G
is contained in some edge belonging to E (2) ). Hence match(G
1,b,c,d ) = 1 since each edge of G
1,b,c,d contains a vertex belonging to V 2b . By the same argument in the Case 2, we can see that min-match(G
Thus, by virtue of Lemma 1.6 and 1.7, we have match(G
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a,b,b,a is the / 0-suspension of H (4) and H (4) is the disjoint union of (a − 1) K 2 and K 2(b−a+1) . By virtue of Lemma 1.5 and 1.8, it follows that ind-match(G 
Let H (5) 
It is easy to see that ind-match(H (5) ) = a and min-match(H (5) ) = match(H (5) ) = a−1+b−a+1 = b. Hence we have ind-match(G 
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. We can regard that H (6) 0 is the disjoint union of the star graph G
Hence we have ind-match(H 
a,b,c,d ) = a and dim(G
a,b,c,d ) is a maximal matching of G (6) a,b,c,d . Hence one has min-match(G 
In addition, since |V (G (6) a,b,c,2(c−b)+1 ))| = 2c + 1, we also have match(G 
Let Y d−a = {y 1 , y 2 , . . ., y d−a }. Let G (7) a,b,c,d be the graph such that Figure 7 .
Applying the same argument as in the Case 6, we have that min-match(G (7) a,b,c,d ) = b and match(G (7) a,b,c,d ) = c.
We can regard that H (7) 0 is the disjoint union of the star graph G star(v 1 ) d−a+1 , (a − 2)K 2 and K 2(b−a+1) . Hence ind-match(H (7) 0 ) = a and dim(H
j = (H (7) j−1 ) S j−1 inductively. Then, Lemma 1.2 says that ind-match(H (7) j ) = a and dim(H (7) j ) = d for all j = 0, 1, . . ., 2(c − b). Since G (7) a,b,c,d = H (7) 2(c−b) , it follows that ind-match(G (7) a,b,c,d ) = a and dim(G 
In particular, we have
• Suppose that min-match(G a,b,m,n ) = match(G a,b,m,n ). Then a = m = 0. Hence dim(G a,b,m,n ) = 2ind-match(G a,b,m,n ) − 1. • Suppose that match(G a,b,m,n ) = 2min-match(G a,b,m,n ). Then b = 0 and m = n.
Hence 
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